We derive jump conditions for a potential function and its derivatives across a crack. A crack is a \thin" region of very di erent conductivity, for example a fracture in otherwise homogeneous material. Such a sharp change of material properties introduces a discontinuity in the coe cient of the elliptic equation governing the potential. The crack can not be neglected, because it substantially alters the behavior of the potential. Numerically it is very di cult to resolve the potential near the crack. A strategy is to treat the crack as a lower dimensional interface (hypersurface). Jump conditions across the crack for the potential and its derivatives are necessary for the development of numerical schemes for this approach. Besides the jump conditions, we also give an analytic example of their validity.
Introduction
The crack problem that we consider arises for example in the computation of electric potentials, but the ideas mentioned here may be relevant for several other applications, such as potential ow or elasticity. A crack is a \thin" region where the conductivity is very di erent from the surrounding material, for example a fracture. We wish to numerically solve the elliptic equation that governs the potential, r ( ru) = 0 in c : (1) Here is the interior of the crack, c the interior of its complement. The basic assumption as in 1, 2, 3] is that the potential u and the conductive current u ( is normal to the crack boundary) are continuous across the crack boundaries. A sharp change of material properties introduces a discontinuity in the coe cient of the equation, hence also in u . In the case of a crack it is infeasible to use a uniform Cartesian grid that resolves the crack, i.e. we are not guaranteed to have any grid points inside the crack. On the other hand, the crack can not be neglected, because the drastic change in material properties substantially alters the behavior of the potential. The goal of this work is to establish jump conditions for u and its derivatives across the crack that will allow the development of numerical methods for the crack problem on grids that do not resolve the crack. Figure 1 shows the potential for a resistive crack, Figure 2 shows the potential for a conductive crack. For illustrative purposes the cracks are chosen wide enough so that a 40 40 grid resolves them. The di erence between the resistive and conductive cases as well as the harmonic potential that agrees with u on the unit circle, r cos , is obvious, and remains for much thinner cracks, as long as the contrast in is large. Both gures show functions of the following form, a special case of test problems that will be treated more generally in 4]: We treat the crack as a lower dimensional interface (hypersurface), across which we derive formulas for the discontinuities of the potential and its derivatives in x2. The same formulas formulas also apply to steady ow in porous media, as treated for example by Yang 5] .
In related current work, we use these jumps for the numerical treatment of the crack problem with nite di erences on uniform Cartesian grids. One possibility is to do this based on Li and LeVeque's Immersed Interface method 1], for example the EJIIM 4]. Another possibility would be to use the jump conditions in crack conforming nite elements or nite di erences on conforming grids.
As an alternative treatment of crack problems on non-conforming Cartesian grids, a special cell averaging (based on homogenization) has been proposed 6]. Another way to treat cracks on uniform Cartesian grids is to use the one-sided formulas from 3, 7] for each of the two sides of the crack in the Explict Jump Immersed Interface Method (EJIIM), introducing multiple corrections for a single ve point stencil. we are interested in large contrast problems, so that O( ) terms cannot be neglected, because they are multiplied by large constants.
For our derivations, we use linear approximations to u and u (as functions of ) inside . We assume (in notation suppressing the dependence on s) that , the normal to ?, is a very good approximation to the The \essential" jump conditions u] and u ] follow by successively substituting earlier conditions. Here, we approximate the jumps more accurately than in 3], by computing the approximation at the crack center ? rather than just taking the di erence between the two limits at ? + and ? ? . 
The last equation assumes f ? = f + , i.e. f is constant on cross sections of the crack. The jump conditions (3){(8) form a complete set of jumps to second order, where the only unknown quantities are u ? and u ? . When used in conjunction with a numerical method, e.g. with EJIIM 4], the jumps can be discretized using rst order approximations for the one-sided limits of the derivatives at the crack. By using \primed" quantities, to be computed for example by tting a spline and then taking derivatives on that spline, we avoid second and third derivatives in and . Those appear when transforming for example the u ] 0 term. In the important special cases where 0 and 00 can be neglected and f is uniformly zero, the following approximations may be used. 
Using that for r < s the potential u has the form a 0 cos( )r, we nd that u ? = 0, and using this and the fact that for the circle 0 = 1=s we arrive at u ] = 2 ? 1 s u ? :
Again this agrees with the formulas in Theorem 1 for small and large .
